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Abstrat
We onsider a stohasti model of transription fator (TF)-regulated gene ex-
pression. The model desribes two genes: Gene A and Gene B whih synthesize the
TFs and the target gene proteins respetively. We show through analyti alulations
that the TF utuations have a signiant eet on the distribution of the target
gene protein levels when the mean TF level falls in the highest sensitive region of
the dose-response urve. We further study the eet of reduing the opy number of
Gene A from two to one. The enhaned TF utuations yield results dierent from
those in the deterministi ase. The probability that the target gene protein level
exeeds a threshold value is alulated with a knowledge of the probability density
funtions assoiated with the TF and target gene protein levels. Numerial simula-
tion results for a more detailed stohasti model are shown to be in agreement with
those obtained through analyti alulations. The relevane of these results in the
ontext of the geneti disorder haploinsuieny is pointed out. Some experimental
observations on the haploinsuieny of the tumour suppressor gene, Nkx 3.1, are
explained with the help of the stohasti model of TF-regulated gene expression.
1 Introdution
Transription fators (TFs) are proteins whih are involved in regulating gene expression
in eukaryotes. The geneti ode provides the blueprint for gene expression, i.e., protein
synthesis. Proteins and their omplexes perform several essential funtions in the living
organism. The TFs bind at the appropriate regions of the target gene and regulate its
expression by ativating/inhibiting the rst step in gene expression, namely, transription
[1℄. Gene expression involves a series of biohemial reations/events whih are inherently
probabilisti in nature. Several reent studies, both theoretial and experimental, highlight
the signiant inuene of stohastiity on gene expression and its regulation [2℄. Stohas-
tiity gives rise to utuations around the mean protein level. This is also true for the
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TFs whih are synthesized by spei genes. In this ontext, an issue of partiular interest
is how the TF utuations aet the expression of the regulated (target) gene. The TFs
onstitute the dose or input signal whih indues a nonlinear response measured in
terms of the amount of proteins synthesized by the target gene. The dose-response urve,
depiting steady state average values, is in general a sigmoid with maximum steepness at
intermediate levels (region of highest signal sensitivity) of the input signal. Experiments
on syntheti transription asades in S. erevisiae and E. oli show that the eet of TF
utuations on the target gene protein levels is the most prominent when the mean TF
level falls in the region of highest signal sensitivity [3, 4℄.
One aspet of the TF-regulated gene expression whih is not well explored relates to the
onsequenes of reduing the opy number of the regulating, i.e., the TF-synthesizing gene.
Eukaryotes, whih inlude higher organisms, are haraterized as diploids in whih the set
of genes in a ell has two opies. Haploids, in ontrast, have single gene opies. If one of
the opies of a spei gene in an eukaryoti ell is mutated, i.e., the gene opy number
is redued, the amount of proteins synthesized is diminished. The funtional ativity of
proteins is often linked to the requirement that the protein amount ross a threshold level.
If the diminished protein level falls below the threshold, the protein funtion is hampered.
The loss of a vital protein funtion may in ertain instanes give rise to haploinsuieny
whih inludes several geneti diseases [5, 6, 7℄. In TF haploinsuieny, one opy of
the gene synthesizing the TFs is mutated and the lower amount of TFs is not suient
for the funtional ativity of the proteins synthesized by the target gene. The p53 tumour
suppressor gene is a ase in point. In normal ells, the level of p53 proteins is low. On DNA
damage or under genotoxi stress, the p53 proteins are ativated. These proteins funtion
as TFs and initiate the expression of several target genes resulting in the ativation of a
number of pathways. There are two possible outomes: either the DNA damage is repaired
(the ell yle progression is halted temporarily for this purpose) or if that is not possible,
apoptosis, i.e., programmed ell death ours. In the absene of any of these outomes,
there is a proliferation of ells ontaining damaged DNA through repeated rounds of the ell
division yle. This triggers the formation and growth of tumours whih may ultimately
lead to aner. Reent experiments [8℄ show that the mutation of only one of the opies of
the p53 tumour suppressor gene is in many ases suient to give rise to aner. The aner
is thus a result of TF haploinsuieny. Ghosh and Bose [9℄ have shown through model
alulations that in response to DNA damage the transition from the G2 to the mitoti
phase of the ell yle is delayed, i.e., the ell yle is arrested temporarily. This happens
when the opy number of the p53 tumour suppressor gene is two. The ell yle is, however,
not arrested when the opy number is redued to one. In this ase, the DNA damage is not
repaired and a proliferation of ells ontaining damaged DNA ours. In the last few years,
several examples of TF haploinsuieny, involving a number of tumour suppressor genes,
have appeared in the literature [9, 10, 11, 12, 13℄. The proteins synthesized by the tumour
suppressor genes funtion as TFs and regulate the expression of the target genes whih
further ativate the relevant signalling pathways. As in the ase of the p53 gene, a redued
gene dosage leads in ertain instanes to a loss in the desired outome, i.e., the arrest of ell
proliferation or apoptosis, resulting in the formation and growth of tumours. In the ase of
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Figure 1. TF-regulated gene expression. Gene A synthesizes the TFs, S proteins, whih
regulate the synthesis of Y proteins from Gene B. Sn is the bound omplex of n TFs.
prostate aner, tumour initiation is often brought about by the mutation of one opy of
the tumour suppressor gene Nkx 3.1. There is now onsiderable experimental evidene to
support the view that both redued gene opy number (dosage) and stohastiity in gene
expression are essential fators for the inativation of the Nkx 3.1- regulated pathways in
a fration of aeted ells [11℄.
Cook et al. [5℄ have onsidered a minimal model of gene expression and shown that
stohastiity may be an important ontributing fator in the ourrene of haploinsu-
ieny. They have obtained a number of interesting results on the stohasti origins of
haploinsuieny via numerial simulation. When the gene opy number is redued, the
utuations around the mean protein level are enhaned. This sometimes results in tran-
sient exursions of the protein level below the threshold for the onset of protein ativity. In
the model of TF-regulated gene expression, the only stohastiity that is taken into aount
is that assoiated with the expression of the regulated gene. The TFs are assumed to be
present in onstant amounts. In this paper, we propose a stohasti model of TF-regulated
gene expression in whih Gene A synthesizes TFs (S proteins) whih in turn ativate the
expression of Gene B leading to the synthesis of Y proteins (gure 1). The onentrations
of the respetive proteins are also denoted by S and Y. In our model, the expressions of
both Gene A and Gene B are onsidered to be stohasti in nature. Using an analytial
formalism, we explore how the utuations in the amount of TFs aet the distribution of
the Y protein levels. We further study the eet of a redution in the opy number of Gene
A from two to one (the ase of TF haploinsuieny) on the expression of the target gene
(Gene B). For simpliity, the opy number of Gene B is assumed to be one. The results
from the analytial alulation are shown to be onsistent with those obtained through
stohasti simulations based on the Gillespie algorithm [14℄. Some experimental observa-
tions on the haploinsuieny of the tumour suppressor gene, Nkx 3.1, are explained using
the stohasti model of TF-regulated gene expression.
2 Stohasti Model
In the minimal model of stohasti gene expression [5℄, a gene an be in two possible
states: inative (G) and ative (G∗). Random transitions our between the states G and
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G∗ aording to the Sheme (Sheme 1),
ka jp kp
G ⇀↽ G∗ −→ p −→ Φ
kd
(1)
where ka and kd are the stohasti ativation and deativation rate onstants. In the ative
state G∗, the gene synthesizes a protein (p) with the rate onstant jp. The protein produt
degrades with a rate onstant kp, the degradation produt being represented by Φ. The
model (equation (1)) desribes onstitutive gene expression. In the ase of eukaryotes,
ativation from the state G to the state G∗ is brought about by the binding of a omplex
Sn of n individual TFs to the gene. Gene expression now takes plae aording to the
Sheme (Sheme 2)
k1 k
′
a j
′
p k
′
p
G + Sn ⇀↽ GSn ⇀↽ G
∗
−→ p −→ Φ
k2 k
′
d
(2)
where GSn represents the bound omplex of G and Sn. Though the Shemes 1 and 2 do
not fully apture the omplexity of gene expression, they inlude the essential features.
The simple shemes provide the theoretial framework for gaining important insight on
stohasti gene expression and also for interpreting experimental results [2℄. As has been
shown earlier [5, 15, 16℄, the Shemes 1 and 2 are equivalent with eetive rate onstants
k
′′
a and k
′′
d given by
k
′′
a = k
′
a
(S/K)n
1 + (S/K)n
, k
′′
d = k
′
d (3)
where Kn = k2
k1
Kn , Kn being the equilibrium dissoiation onstant for the reation
n S ⇀↽ Sn. The eetive ativation rate onstant k
′′
a has the form of a Hill funtion.
We now onsider the stohasti model orresponding to the Sheme 1. In the model,
the only stohastiity arises from the random transitions of a gene between the ative
and inative states as in the minimal model of Cook et al. [5℄. Protein synthesis and
degradation our in a deterministi manner. In eah state of the gene, the onentration
X of proteins evolves aording to the equation
dX
dt
= jpz − kpX (4)
where z = 1(0) when the gene is in the ative (inative) state.
Let p(X) be the probability density funtion (PDF) of the protein levels in the steady
state. This is given by [15℄
p(X) = C (kpX)
r1−1(jp − kpX)
r2−1
(5)
where r1 = ka/kp, r2 = kd/kp and C is the normalization onstant.
In the model of TF-regulated gene expression, the synthesis of the TFs (S proteins) and
that of the Y proteins our aording to the Shemes 1 and 2 respetively. The dierent
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rate onstants in the two ases are as speied in equations (1)-(3). In the deterministi
formalism, the steady state onentrations of the TFs and the Y proteins are given by
Smean =
nG jp
kp
ka
ka + kd
, Ymean =
j
′
p
k′p
k
′′
a
k′′a + k
′′
d
(6)
where nG is the opy number of Gene A. Let Ythr be the threshold level for the onset of
ativity of the Y proteins. If Ymean is < Ythr, a loss in the protein funtion ours. If Ymean
is > Ythr, the normal protein ativity is not hampered. With the stohasti expression of
both the Genes A and B taken into aount, the steady state distributions of the TF and
the Y protein levels are spread around the mean values Smean and Ymean. Let q(S) and
Q(S) be the PDFs of the TF levels when the opy number of Gene A is 1 and 2 respetively.
The orresponding PDFs of the Y proteins are p1(Y ) and p2(Y ). If the distribution of the
Y protein levels overlaps with Ythr, the steady state probability, p(Y < Ythr) (p(Y > Ythr)),
that the protein level Y is < Ythr ( > Ythr), is non-zero even if Ymean is > Ythr (<Ythr).
We now study the eet of TF utuations on the distribution of the Y protein levels.
We onsider one opy eah of the Genes A and B and assume the parameter values to be
ka = kd = 4, jp = 1000, kp = 1 (Gene A) and k
′
a = 12, k
′
d = 4, j
′
p = 1000, k
′
p = 1 (Gene
B) in appropriate units. The parameter K is hosen to be K = 500 so that Smean = K
(Smean is given by equation (6) with nG = 1). Let p1(Y, S) be the steady state PDF of the
Y protein levels for a xed amount S of TFs. The PDF has the same form as in equation
(5) but with ka, kd, jp and kp replaed by k
′′
a , k
′′
d , j
′
p and k
′
p. Similarly, the PDF q(S) has
the form as in equation (5). The steady state PDF is given by
p1(Y ) =
∫
all S
p1(Y, S) q(S) dS (7)
Sine q(S) and p1(Y, S) are known analytially, p1(Y ) an be alulated using Mathematia.
Figure 2(a) shows the variation of k
′′
a (equation (3)) with S for dierent values of the Hill
oeient, n = 1 (urve a), n = 4 (urve b) and n = 12 (urve ). Figure 2(b) shows
the steady state distribution p1(Y ) versus Y for n = 1 (urve a), n = 4 (urve b) and
n = 12 (urve ). The urve d desribes the distribution of p1(Y, Smean) with S xed
at Smean, the mean amount of the TFs in the steady state i.e., the TF utuations are
ignored. From gure 2(b), one nds that as the value of the Hill oeient n inreases,
the eet of the TF utuations on the distribution of p1(Y ) beomes more and more
prominent. The reason for this is not diult to nd. For n > 1, the sharpest hange in
the k
′′
a versus S urve (equation (3)) ours around S ∼ K. Figure 2 has been obtained
for K = Smean = 500 so that for large n even small utuations around Smean give rise to
onsiderable hanges in the value of the eetive rate onstant k
′′
a . The region lose to this
point denes the highest signal sensitive region of the dose-response urve.
For Smean/K << 1 or >> 1, the TF utuations have a less marked eet as the
hange in the value of k
′′
a is not as muh as in the ase when Smean/K ∼ 1. This is shown
in gures 3(a) and (b). The parameter values are the same as in the ase of gure 2 with
the Hill oeient n = 4 exept that Smean/K = 4 (gure 3(a)) and Smean/K = 0.25
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Figure 2. (a) Variation of the eetive rate onstant k
′′
aas a funtion of S (equation (3))
for dierent Hill oeients, n = 1 (urve a), n = 4 (urve b), n = 12 (urve ), (b)
The distribution p1(Y ) versus Y of protein levels for dierent Hill oeients, n = 1 (urve
a), n = 4 (urve b) and n = 12 (urve ). Curve d urve desribes the distribution
for a xed amount, Smean, of TFs.
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Figure 3. Steady state distribution of the Y protein level for (a) Smean/K = 4 and (b)
Smean/K = 0.25. Curve a (b) is obtained with the TF utuations taken (not taken)
into aount.
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(gure 3(b)). Curve a (b) desribes the steady state distribution p1(Y ) versus Y with
the TF utuations taken (not taken) into aount. The ndings from gures 2 and 3
are onsistent with the earlier observation [2, 3℄ that the eet of TF utuations on the
target gene protein levels is most learly seen in the region of highest signal sensitivity
(Smean/K ∼ 1). Figure 2(b) (n = 4 and n = 12) shows that the TF utuations give
rise to a bimodal distribution in the Y protein levels. This is in agreement with the
experimental observations of Blake et al. [3℄. We also nd that the higher the value of n,
the greater is the range of values of Smean/K for whih the TF utuations an be ignored.
Furthermore, with lesser utuations in the TF levels (narrower distribution), the eet of
the TF utuations on the Y protein levels beomes signiant for higher values of n. This
is demonstrated in gure 4. A narrower distribution in the TF protein levels, than in the
ases of gures 2 and 3, is obtained with the hoie of the parameter values ka = kd = 40,
jp = 1000, kp = 1. The target gene has the parameter values k
′
a = 12, k
′
d = 4, j
′
p = 1000,
k
′
p = 1 and Smean = K = 500. Figure 4(a) shows that for the Hill oeient n = 4, the
p1(Y ) versus Y urve is little aeted by the TF utuations even when Smean/K ∼ 1.
The eet beomes prominent for higher values of n (gure 4(b), n = 12).
The major result obtained in this setion is to demonstrate through analytial al-
ulations that the TF utuations may onsiderably aet the distribution of the target
gene protein levels. This is partiularly so when the mean TF level falls in the highest
sensitive region of the dose-response (k
′′
a vs S ) urve desribing the ativation of the tar-
get gene. The result, though based on a spei set of parameter values, illustrates a
general feature of TF-regulated gene expression. In many suh ases, the TFs bind the
target gene at multiple sites. This, ombined with ooperative interations between the
TFs, imparts an ultrasensitive harater to the dose-response urve. The same is true if a
bound omplex of TF moleules binds the operator region. If the mean TF level falls in
the regions around the steepest part of the urve, the utuations around the mean level
give rise to utuations in the eetive ativation rate onstant, k
′′
a , of the target gene.
For suiently strong TF utuations, the distribution of the target gene protein levels is
signiantly altered from the ase when the TF utuations are ignored. There have been
earlier studies [5, 17, 18℄, based on simple models of TF-regulated gene expression, whih
did not take the TF utuations expliitly into aount. Simpson et al. [19℄ have ar-
ried out a omprehensive analysis of stohastiity in gene transriptional regulation based
on the frequeny domain Langevin approah. The transriptional regulation ours via
protein (induer)-DNA interations at an operator site of the target gene. A signiant
ahievement of the study is to obtain the frequeny distribution of the target gene expres-
sion noise and identify the impat of noise originating from operator utuations. The
operator utuations onstitute an important omponent of the stohastiity assoiated
with TF-regulated gene expression. The noise assoiated with the expression of a spei
gene has two omponents: intrinsi and extrinsi of whih the latter has the more domi-
nated ontribution to the total noise [2℄. Reent reports suggest that this is partiularly so
for highly expressed genes [20, 21℄. Both numerial omputations and experiments [2, 3℄
show that a major omponent of the extrinsi noise stems from the utuations in the TF
7
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Figure 4. Steady state distribution of the Y protein levels for Hill oeient n = 4 (a) and
n = 12 (b) respetively. Curve a (b) is obtained with the TF utuations taken (not
taken) into aount. The distribution of the TF levels is less noisy than that in the ase
of gure 2.
ativity. Our simple stohasti model of TF-regulated gene expression yields analytial
expressions for the PDFs desribing the distributions of the TF and target gene protein
levels. This makes it partiularly onvenient to study the eet of the TF utuations on
the expression of the target gene.
The analytial tratability of the model arises from two assumptions. Firstly, the two
major steps of gene expression, namely, transription (synthesis of mRNAs) and translation
(synthesis of proteins) have been ombined into a single step leading to protein prodution.
Seondly, the only soure of stohastiity in the model lies in the random ativation and
deativation of the target gene expression. The rst assumption provides the basis for
several studies of stohasti gene expression [5, 17, 18, 22℄. The seond assumption is
stritly valid when the dominant soure of noise is assoiated with the random ativation
and deativation of gene expression. This holds true in the ase of large steady state
gene produt level studied by Kepler and Elston [17℄. In this limit, slow promoter kinetis
(rates of gene ativation and deativation lower than the synthesis rate of the gene produt)
onstitute a major soure of noise. Fast transitions between the promoter states, on the
other hand, generate low amounts of noise. The eet of the TF utuations on the
target gene expression is prominent in the ase of slow promoter kinetis. As disussed
in detail in Ref. [2℄, slow promoter kinetis give rise to inreased heterogeneity within a
ell population inluding bimodal population distributions. Slow transitions between the
promoter states are partiularly relevant in the ase of eukaryoti gene expression resulting
in transriptional bursts of mRNA synthesis (the prodution of mRNA ours in pulses)
[2, 23℄.
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Figure 5. Steady state distribution of protein Y levels when the opy number of Gene A
is two (urve a) and one (urve b)
3 Redued Gene Copy Number
We next onsider the eet of reduing the opy number of Gene A from two to one on
the distribution of target gene protein levels. Figure 5 shows that a redution in the
opy number nG of Gene A from two (red urve) to one (blue urve) gives rise to a wider
distribution in the TF levels, i.e., the utuations around the mean protein level are larger.
The steady state PDF Q(S) (nG = 2) is given by
Q(S) =
∫
all s1
q(s1) q(S − s1) ds1 (8)
where S denotes the total TF onentration with S = s1+s2, the sum of the onentrations
of the TFs synthesized by the individual opies of the Gene A. The PDF q(si) (i = 1, 2)
has the form given in equation (5). The parameter values for both the one-gene and the
two-gene ases are the same as in the ase of gure 2 exept that jp = 2000 in the one-gene
ase. This has been done to keep Smean xed and failitate the omparison of the two
distributions. A measure of noise is given by χ = standard deviation/mean. If jp = 1000
in both the one- and two-gene ases, χ has the values χ = 0.236 (two gene opies) and
χ = 0.333 (one gene opy). Figure 6 shows the steady state distributions p1(Y ) (urve
b) and p2(Y ) (urve a) when the opy number of Gene A is 1 and 2 respetively. The
parameter values are the same as in the ase of gure 2 with the Hill oeient n = 4.
One nds that the distribution of the Y protein levels is onsiderably hanged when the
opy number of the regulating gene is redued. In the one-gene ase, the value of Smean
falls to 500 i.e., Smean/K = 1. In the parameter region lose to this point, the eet of
utuations is the most prominent. Again, one nds that the TF utuations give rise to
a bimodal distribution in the Y protein levels.
Figure 7 shows the steady state probability p(Y > Ythr) that the protein level Y exeeds
a threshold value, Ythr, versus the ativation rate onstant ka of Gene A. The dotted (dot-
dashed) urve orresponds to the ase when the opy number of Gene A is 2 (1). In the
9
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Figure 6. Steady state distribution of protein Y levels when the opy number of Gene A
is two (urve a) and one (urve b)
one-gene ase,
p(Y > Ythr) = 1−
∫ Ythr
0
∫
all S
p1(Y, S) q(S) dS dY (9)
The expression for the two-gene ase is obtained by substituting p1(Y, S) and q(S) by
p2(Y, S) and Q(S) respetively. The threshold value Ythr is set at 25 perent of the max-
imum amount Ymax of the Y protein when the opy number of Gene A is two (Ymax =
j
′
p/k
′
p = 1000 so that Ythr = 250). From gure 7 one nds that the redution of the opy
number of Gene A diminishes the probability of maintaining the output protein level above
a threshold value. Variation of the ativation rate onstant ka hanges Smean, the mean
amount of TFs (Eq. (6)) regulating the expression of Gene B. Figure 7 also inludes the
urves for p(Y > Ythr) when the utuations in the TF amounts are ignored, i.e., the TF
amount is kept xed at Smean. The dashed (solid) urve desribes the two-gene (one-gene)
ase. For the same gene opy number, the urves, with and without the TF utuations,
interset at a value of ka = kac for whih Ymean = Ythr. When ka is < kac, Ymean is < Ythr.
The distribution of the Y protein levels around Ymean beomes broader when the TF utu-
ations are taken into aount, i.e., the TF levels are assumed to have a distribution around
Smean. Thus, p(Y > Ythr) in this ase is larger than when the TF onentration is kept
xed at Smean. When ka is > kac, Ymean is > Ythr. In this ase, p(Y > Ythr), with the TF
utuations taken into aount, is smaller than p(Y > Ythr), with the TF onentration
kept xed. One thus has the interesting result that the TF utuations an both augment
and diminish the probability p(Y > Ythr). The p(Y > Ythr) versus ka urve is also found to
be less steep in the presene of the TF utuations. One an further show that the urve
is steeper for higher values of the Hill oeient n.
In setion 2, we have outlined some arguments for the validity of our stohasti model.
We now show that similar results regarding the eet of TF utuations are obtained
when a more detailed stohasti model is onsidered. In the model, the expression of
both the Genes A and B take plae through two steps: transription and translation, i.e.,
the syntheses of mRNAs and proteins are treated separately. The prodution and the
degradation of the mRNAs and the proteins are onsidered to be stohasti proesses. The
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Figure 7. The probability p(Y > Ythr) versus the ativation rate onstant, ka, of Gene
A when the opy number of Gene A is two (dotted and dashed urves) and one (dot-
dashed and solid urves). The dashed and solid urves represent the ases in whih the
TF utuations are ignored.
formation of a omplex of n TF moleules whih regulates the expression of the target
gene is also taken to be a stohasti event. With full stohastiity taken into aount,
the model is no longer analytially tratable. We undertake numerial simulation based
on the Gillespie algorithm [14℄ to obtain the distribution of protein Y levels. The results
are displayed in gure 8. The target gene protein levels have a unimodal distribution
when the opy number of the regulating gene (Gene A) is two (gure 8(a)), a bimodal
distribution (gure 8(b)) is obtained when the opy number of Gene A is 1 (inreased TF
utuations). The results have been obtained for slow promoter kinetis leading to the
prodution of mRNAs in bursts. The amount of proteins synthesized is also not small. A
heterogeneous distribution of the levels of expression, inluding bimodality, is obtained if
the mRNA and protein half lives are shorter than the average time between the suessive
bursts of transription [2, 15, 18, 23℄. The simulation and analytial model results are
in good agreement for low transriptional burst rates. Higher transriptional burst rates
demand faster transitions between the inative and ative states of the gene. In this ase,
the noise ontributed by the promoter ativation-inativation kinetis is lower. Depending
on the gene produt level, the noise assoiated with transription and translation may
beome more dominant so that the analytial model eases to be valid.
We now disuss the ourrene of haploinsuieny, due to the loss of one opy of the
tumour suppressor gene Nkx 3.1. In this ase, haploinsuieny is manifest in tumour
initiation in the prostate leading to aner [11, 13℄. The tumour suppressor genes are
generally ativated under DNA damage or genotoxi stress. The funtion of the proteins
synthesized by these genes is to limit ell growth or survival. Mie laking one opy of
suh a gene (examples inlude the p27, p53, Dmp1 and Nkx 3.1 genes) are known to
develop anerous or pre-anerous lesions despite protein synthesis from the remaining
opy of the gene. This indiates a failure in heking ell proliferation or bringing about
ell death. The Nkx 3.1 gene has several positively and negatively regulated target genes
whih exhibit a variety of responses to the loss of one opy of the Nkx 3.1 gene. We
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Figure 8. Steady state distribution of protein Y levels, obtained through numerial simu-
lation based on the Gillespie algorithm, when the opy number of Gene A is two (a) and
one (b) respetively. The orresponding distributions of protein Y levels are p1(Y ) and
p2(Y ).
onsider the examples of two of the positively regulated genes, probasin and inteletin.
Probasin is relatively insensitive to the loss of one Nkx 3.1 opy, i.e., both the wild-type and
Nkx 3.1+/−prostates witness high levels of probasin expression. The expression is retained
even inNkx 3.1−/− (loss of both gene opies) indiating a basal level of probasin expression.
Inteletin is, however, highly dosage sensitive and is not expressed in either the Nkx 3.1+/−
or Nkx 3.1−/− prostate. In situ hybridization experiments reveal heterogeneous expression
patterns for both probasin and inteletin in a population of ells [11℄. In wild-type and
Nkx 3.1+/− prostate, probasin is expressed uniformly whereas in the ase of the Nkx 3.1−/−
prostate, a heterogeneous population of probasin-expressing and nonexpressing ells is
obtained. In the ase of inteletin expression, a onsiderable heterogeneity is observed
even in the wild-type prostate. This ontrasts with the relatively uniform expression of the
Nkx 3.1 gene in both the wild-type and Nkx 3.1+/− prostates.
We now provide an explanation for the dosage response of the probasin and inteletin
genes. The TF (Nkx 3.1 protein)-regulated promoter ativity an be either graded or
binary. In the rst ase, the ativity inreases in a graded fashion in response to inreasing
levels of TFs. Redutions in the target gene protein levels due to the loss of one opy of
the regulating gene are expeted to be uniform in all ells. In the binary mode, a gene
an be in a transriptionally ative or inative state and the TFs regulate the probability
of the gene being in either state. Redued Nkx 3.1 gene dosage leads to a derease in the
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Figure 9. Steady state distribution of TF levels in the one-gene (a) and two-gene ases (b).
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Figure 10. A possible senario for probasin gene expression. (a) The dose-response urve,
(b) the distributions p2(Y ) (a) and p1(Y )(b) of target gene protein levels when the opy
number of Gene A is two and one respetively.
fration of transriptionally ative ells. At the population level, a bimodal distribution
of the target gene levels is obtained. In a fration of ells, the target gene ativity is null,
i.e., the signalling pathways leading to the arrest of ell proliferation or apoptosis remain
inativated. Gene opy redution ombined with stohasti eets are responsible for the
heterogeneous gene ativity in an ensemble of ells.
We now illustrate the experimentally observed responses of the probasin and inteletin
genes to the redued opy number of the Nkx 3.1 gene in the analytial framework of our
stohasti model. Gene A in the model now represents the Nkx 3.1 gene and Gene B the
probasin or inteletin gene. The partiular values of the dierent rate onstants and the
parameters are not mentioned as the aim is to simply demonstrate how the dierenes
between the responses of the probasin and inteletin genes arise. Figure 9 shows the
distributions q(S) and Q(S) of the TF protein levels when the opy number of Gene A is
one and two respetively. Figure 10(a) shows the dose-response urve k
′′
a versus S of the
target gene. One nds that the eetive ativation rate onstant k
′′
a (Eq. (3)) does not
hange appreiably when the opy number of the regulating gene is redued from two to
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Figure 11. A possible senario for inteletin gene expression. (a) The dose-response urve,
(b) the distributions p2(Y ) (a) and p1(Y )(b) of target gene protein levels when the opy
number of Gene A is two and one respetively.
one (S = Smean is redued from 1000 to 500, these two points are marked by vertial lines
on the x − axis of gures 10(a) and 11(a)). This is reeted in the distributions p1(Y )
(urve b) and p2(Y ) (urve a) of the target gene protein levels (Figure 10(b)). Figure 10
represents the ase of probasin for whih experimental observations show that the probasin
protein level is relatively insensitive to the loss of one opy of the Nkx 3.1 gene and the
probasin gene is expressed uniformly (unimodal distribution of the protein levels) in both
the wild-type and Nkx 3.1+/− prostate. Figure 11 depits the possible senario for the
inteletin gene. In this ase, the magnitude of k
′′
a is signiantly redued (gure 11(a))
when the opy number of Gene A is redued from two to one. In the two-gene ase, the
eetive rate onstant k
′′
a falls in the most sensitive region of the dose-response urve. The
eet of the TF utuations is the most prominent in this ase giving rise to inreased
heterogeneity in the target gene expression (the bimodal distribution p2(Y ), urve a,
in gure 11(b)). A bimodal distribution of inteletin-expressing and nonexpressing ells
has been experimentally observed [11℄ in the wild-type prostate (gene opy number of
the Nkx 3.1 gene is two). In the one gene ase, the inteletin expression is found to be
essentially lost. The distribution p1(Y ) of the inteletin protein levels in gure 11(b) (urve
b ) shows a prominent peak at zero protein level, in agreement with experimental ndings.
4 Summary and Disussion
In this paper, we have onsidered a stohasti model of TF-regulated gene expression and
studied the eet of the TF utuations on the distribution of the target gene protein levels.
We have shown that the TF utuations assoiated with the highest signal sensitive region
of the dose-response urve have the strongest inuene on the distribution of the target
gene protein levels, onsistent with experimental observations [2, 3, 4℄. In fat, the TF
utuations an give rise to a bimodal distribution in the output protein levels. This is an
experimentally observed eet [2, 3℄. The eet of the TF utuations is more prominent
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for higher values of the Hill oeient n. The TF utuations may be ignored away from
the region of highest signal sensitivity. We have reported the results for one set of parameter
values but the results are of general validity. The analytial results obtained in the paper are
valid when the random transitions between the ative and inative gene expression states
onstitute the dominant soure of noise whih is often true for eukaryoti systems. It will be
of interest to extend the results of the model to more general situations. In our analytial
formalism, the PDF assoiated with the distribution of the TF levels in the steady state
is used to determine the steady state distribution of the target gene protein levels (see
equation (7)). This is similar in spirit to the Stati Noise Approximation studied reently
by Sott et al. [24℄. The method does not take into aount the dynamial aspet of the
TF noise like the frequeny of utuations in the TF amounts. The numerial simulation
based on the Gillespie algorithm (gure 8) is more exat in nature and inorporates the
dynamial eets.
We have further studied the onsequenes of reduing the opy number of Gene A,
synthesizing TFs, from two to one. The TF utuations are greater in magnitude when
the opy number of gene A is one. As before, the utuations have the strongest eet
when the mean TF protein level, Smean (nG = 1), is lose to K, the threshold parameter
for ativation of the target gene expression. This is the region where the dose-response
or equivalently the k
′′
a versus S urve has the highest slope, i.e., maximal sensitivity. As
illustrated in gure 6, the TF utuations an give rise to a bimodal distribution in the
output protein levels. The appearane of a bimodal distribution, when the opy number of
the gene synthesizing the TFs is redued from two to one, is a predition of our model and
should be veried experimentally. The result, obtained through analytial alulations, is
supported by the results of numerial simulation based on the Gillespie algorithm. The
variane in protein levels may be underestimated by a signiant fator if transription
and translation are ombined into a single step [20, 25℄. In the light of this possibility,
transription and translation are treated as separate stohasti proesses in the numerial
simulation. The use of Hill funtions introdues errors in a stohasti analysis [19℄. In
the simulation, the formation of a TF omplex ours through stohasti proesses. The
agreement between the analytial and numerial results onfers validity on the reported
result.
The issue of whether a protein level exeeds a threshold value is of ruial importane
as the funtional ativity of proteins, in general, depends on this. Our study shows that
results, signiantly altered from those in the deterministi ase, may be obtained when
stohastiity is taken into aount. As seen in gure 7, the TF utuations an inrease as
well as redue the steady state probability p(Y > Ythr), that the Y protein level exeeds a
threshold value Ythr, from the values obtained when the TF utuations are ignored. Our
stohasti model enables us to obtain analytial expressions for the probability distribu-
tions. With the knowledge of the distributions, the alulation of the probability that the
target gene protein level exeeds a threshold value is straightforward. Suh alulations
provide the basis for the study of problems related to TF haploinsuieny. There are
already suggestions in the biomedial literature [5, 10, 11, 12, 13, 16, 26℄ that stohasti-
ity is a key ontributing fator in the ourrene of haploinsuieny. Our study lends
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support to this notion and shows that the gene opy number is an important riterion in
determining the relationship between stohastiity and desired protein ativity. We have
speially onsidered the ase of Nkx 3.1-regulated gene expression in the prostate. The
loss of one opy of the Nkx 3.1 gene an trigger the initiation and growth of tumour leading
to aner. Our stohasti model of TF-regulated gene expression provides an explanation,
at a qualitative level, for the experimental observations on the target gene responses to
gene (TF) dosage redution. A reent experiment [27℄ shows that the loss of one allele of
the p53 tumour suppressor gene results in a four-fold redution of p53 mRNA and protein,
thus providing the basis for haploinsuieny. As in the ase of the Nkx 3.1-regulated
probasin and inteletin genes, the p53-dependent transriptional response after genetoxi
stress an be either homogeneous or heterogeneous [28℄. A heterogeneous response (only
some ells of a population respond, the fration of suh ells inreases as the TF amount
inreases) an be explained only if stohasti gene expression is taken into aount. A
redution in the gene opy number aenuates the stohasti eets. Investigation of the
stohasti origins of haploinsuieny is expeted to yield useful information and insight
on a host of human diseases.
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